Abstract: Atoms excited to Rydberg states can be used to enhance the nonlinearity of medium via electromagnetic induced transparency (EIT) due to their special property. In this letter, focusing on a Rydberg medium with strong nonlinearity, we investigate the space imaging characteristics of generating Rydberg EIT-assisted six-wave mixing in a K-type five-level atomic system. Rydberg spatial image variation regularity modulated by an optical field was obtained. This study on the regulation of image variation was able to establish a relation between the refractive index of the Rydberg medium and optical field, which will not only expand research on Rydberg space optical phenomena but can also provide the basis for advanced designs that are highly dependent on the refractive index materials. More importantly, these results have research value in the field of optical information processing.
Introduction
Rydberg atoms are valence electrons that are excited to high-lying states with a principal quantum number n > 30. It is well known that Rydberg atoms have strong interactions and polarizability [1] , [2] ; therefore, they sensitively react with the environment, other atoms in the vicinity, and external fields. Based on these good properties, the large polarizability of Rydberg gives rise to large Kerr coefficients under condition of electrical field induced, and the possibility of controlling strong longrange interactions [3] , [4] has been demonstrated experimentally, which has potential applications in quantum information processing [5] , single-photon absorber [6] and switching [7] . Recently, a large amount of induced nonlinearity has been found and investigated [8] - [12] by combining Rydberg excitation with EIT because EIT can provide group indexes as large as 10 6 to better reflect the nonlinearity response [13] , specially, many optical bistabilities which are caused by Rydberg interaction or ionization induce stark shift have exclusively been investigated in thermal vapors [14], [15] . Motivated by the need for a Rydberg nonlinear response investigation and based on the achieved Rydberg six-wave mixing (SWM) [16] , [17] , Rydberg SWM spatial images are presented in this paper to attempt to determine the relation between Rydberg medium and an optical field. This type of study can not only help us to understand the space imaging characteristics of Rydberg nonlinearity medium [18] but may also have applications in communication and quantum information science [19] . This type of study is particularly meaningful when optical images with nonlinearities are extended to the single-photon level in which the Rydberg state can be used [20] .
In this paper, we present theoretical and experimental results on spatial images of Rydberg SWM in a five-level atomic system of 85 Rb. First, as a comparison, we simply observe images of non-Rydberg SWM (no interaction and ionization case) processes by changing the detuning of the probe field to investigate the spatial image characteristics modulated by optical fields. Next, the images of Rydberg SWM variation are studied by scanning the detuning of the dressing field E 2 to analyze the influence of the participation of the interaction fraction. Finally, images of Rydberg SWM that evolve according to the power of the probe field are presented to further investigate the spatial image characteristics of Rydberg nonlinearity. From these results, the focusing and splitting phenomena related to the Rydberg energy level can be observed.
Theoretical Model and Experimental Scheme
The driven five-level atomic system is shown in Fig. 1(a) , consisting of two hyperfine states, F = 3 (|0 ) and F = 2 (|3 ), of the ground state 5S 1/2 ; two low-excited states, 5P 3/2 (|1 ) and 5D 5/2 (|4 ); and a Rydberg state, 45D 5/2 (|2 ), of 85 Rb, which is used to generate two EIT-assisted SWM processes, in which five beams derived from four external-cavity diode lasers (ECDLs) are coupled into the corresponding transitions (see Fig. 1(a) ). The probe beam E 1 (which has a wavelength of 780 nm, diameter of 0.8 mm and P polarization) drives 5S 1/2 (F = 3) to 5P 3/2 (F = 3). The coupling beam E 2 (480 nm, 1 mm and S polarization) transits 5P 3/2 (F = 3) to the 45D 5/2 Rydberg state. Beams E 3 (780 nm, 1 mm and S polarization) and E 3 (780 nm, 1 mm and P polarization) split through a polarization beam splitter (PBS) that connects the transition between 5P 3/2 (F = 3) and 5S 1/2 (F = 2). The dressing field E 4 (776 nm, 0.9 mm and S polarization) drives the transition of 5P 3/2 (F = 3) to 5D 5/2 (F = 2). A simple figure of the experimental setup is shown in Fig. 1(b) . Spatial distribution of each optical field is shown in Fig. 1(c) . By turning lights on or off selectively, two types of SWM processes can be obtained: one is a non-Rydberg SWM process, E SWM1 , that satisfies the phasematching condition k SWM1 = k 1 + k 3 − k 3 + k 4 − k 4 that occurs in |0 ↔|1 ↔|3 ↔|4 by blocking E 2 , and the other is an EIT-assisted Rydberg SWM signal, E SWM2 with k SWM2 = k 1 + k 3 − k 3 + k 2 − k 2 , that can be observed in |0 ↔|1 ↔|3 ↔|2 by applying E 2 . These generated SWM signals with S polarization emit along the direction opposite to that of E 3 (see Fig. 1(b) ) and can be identified by their EIT windows and detected by an avalanche photodiode detector (APD). The corresponding probe transmission signals are detected by the other APD. The two beam splitters (BS) are placed in front of each APD to inject the other half signal into the charge couple device (CCD). The two lenses are placed in front of the CCD to detect near-field images. The length of thermal vapour used in our experiment is 1 cm, and its temperature is heated to 65°C to produce a ground atomic density of 1 × 10 12 cm −3 . The mean-field model is used to calculate the level shift ε related to the Rydberg interaction [4] or charge induced. Each region only has a single excited Rydberg atom with a radius R d that determines the number of Rydberg atoms in the beam volume. The density ρ 2 of excited Rydberg atoms is obtained as follows:
where C is a constant related to the C 6 -coefficient of Van der Waals (vdW) interactions [21] ; G i is the Rabi-frequency of each optical field E i , which can be defined as μ ij E i / ; μ ij is the transition dipole moment from |i> to |j>; ρ 0 is ground atomic density; and n is principle quantum number.
0.2 and (|G 2 |/n 11 ) 0.4 determine the population of state |1 (ρ 1 Ýρ 0 |G 1 | 2 ) and excitation capacity of E 2 , respectively. Due to the interaction between Rydberg atoms and charges created by the ionized Rydberg atom, a hypothetic combination effect induce energy level shift (ε) appears so that the refractive index (n r ) can be modified, which can be described as
in which ∂n r /∂ω 2 = (n g − 1)/ω 2 , ω 2 is the Rydberg state coupling laser frequency and n g is the group refractive index. Utilizing the real part of the complex susceptibility χ for stationary atoms and zero-coupling detuning, n r /ω 2 can be described as 
where λ 1 is the probe (SWM) field wavelength and ij is the transverse relaxation rate between |i ↔|j . By defining = √ 10 T 20 , the change in the refractive index is obtained as
The phase modulation ( φ r ) caused by the modulation of the refractive index is
which means that the energy level shift causes the Rydberg induced dispersion to change, n r , as well as propagation distance L. The observation of spatial focusing (defocusing), shifting, and splitting related phase modulation can visually show the dispersion property change of the medium. The transverse wave vector for explaining the spatial effects can be described as
where k s is the wave vector of SWM, L is the length of sample, and ζ is the transverse wave vector. For studying spatial images that are varied by optically induced Kerr nonlinearity, the necessary propagation equations that mathematically describe the self-and cross-phase modulation (SPM and XPM)-induced spatial interplay of the probe and SWM beams are
are self-Kerr nonlinear coefficients of E p , E S1 and E S2 and n
are crossKerr nonlinear coefficients. The Kerr nonlinear coefficient is defined as n 2 = Reχ (3) /(ε 0 cn 0 ). The dressed third-order nonlinear susceptibility is χ
10 , where,
and the density-matrix element ρ (3) 10 can be obtained by solving the coupled density-matrix equations [22] 
is the diffraction length and ω 0 is the spot size of probe beam), where z is the longitudinal coordinate in the propagation direction; k p = k F = ω 1 n 0 /c, with n 0 representing the linear refractive index at the probe field frequency ω 1 ; E p ,S1,S2 and E j (j = 1, 2, 4) are the electrical field intensities of the corresponding fields. For simplicity, the intensities of the strong fields E 1 , E 2 and E 4 are all assumed to be I (they can be further labelled as the indications of I 1 , I 2 and I 4 , respectively). In the Eqs. (7), the first terms describe the beam longitude propagation, and the second gives the term about the diffraction of the beams during propagation. When XPM playing an important role, the diffraction and SPM terms can be neglected so that the solutions of Eqs. (7) and additional nonlinear phase factor φ r caused by Rydberg energy level shift are obtained
is the nonlinear phase shift introduced by the strong field E i , with ζ i being the centre coordinate of E i in the transverse dimension relative to the centre coordinate of E p ,S as the original point. u p ,S = E p ,S / √ I is the normalized amplitude of the beam E p ,S . Therefore, the additional transverse propagation wave-vector introduced by E i is δk i ζ = (∂φ i /∂ζ)ζ, whereζ is the unit vector along the transverse axes. The direction of δk i ζ determines the E i -induced spatial characteristics of E p,S in the transverse dimension. When n X i 2 > 0, δk i ζ always points to the beam centre of the strong field, so the weak fields shift to the strong field. While n X i 2 < 0, the weak fields shift away from the strong field. Thus, for Rydberg nonlinearity in this SWM process, there are two aspects: one is the Kerr effect caused by the optical field induced; the other is introduced by the refractive index modulated by the Rydberg energy level shift.
Experimental Results and Theoretical Analyses
The experimental schemes and energy level used are shown in Fig. 1 . First, we observe the spatial image characteristics of SWM caused by optical field induced cross-Kerr nonlinearity by analysing the non-Rydberg spectra and images (no interaction case) under the conditions of (1) 4 = ∞ , (2) 4 = 50 MHz, (3) 4 = 0 MHz and (4) 4 = − 50 MHz. Here, i = ω i − ω ij is frequency detuning, ω i is the laser frequency E i , and ω ij is the resonant transition frequency between |i and |j . There is no E 4 field participating excitation process when blocking E 4 field, frequency detuning 4 amount to infinity. Figure 2(a) shows the probe transmission and SWM spectra versus a decreasing 1 . The half absorption dip is shown in the scanning scope as black lines in Figure 2 (a). With the E 4 field beginning to come into play as shown in Figs. 2 (a2) , (a3) and (a4), a sharp dip, called electromagnetic induced absorption (EIA), emerges in the absorption dip. Each dip location that satisfies the resonant condition 1 + 4 0 is determined by the value of 4 . The red lines in Figs. 2 (a2) , (a3) and (a4) are the SWM spectra, where the wider peak is the baseline generated by E 1 , E 3 and E 3 (and the narrower peak is SWM generated by the phase matching condition
. Each SWM with the same frequency as E 1 is established in the corresponding EIA window. Fig. 2(b) is the theoretical cross-Kerr nonlinear refractive indices n X E 1 (b1) and n X E 1 ;E 4 (b2) obtained by the Kerr nonlinear coefficient expression. Such theoretical curves can be utilized to analyse the refractive index variation with the Kerr nonlinearity from the results of Figs. 2(c) and (d). Figs. 2(c) and (d) show images of probe transmission and SWM for different conditions corresponding to the spectrum shown in Fig. 2(a) . From the theoretical curve shown in Fig. 2(b1) , we know that when 1 < 0, n is positive, the focus phenomenon appears. On the contrary, when 1 > 0, n reaches the negative maximum point, significant defocusing phenomena occur. As shown in Fig. 2(c) , the images of probe transmission change when 1 is from 0.6 GHz to 0, when n is always negative, and when the images exhibit the defocusing phenomenon. When 1 = 0.6 GHz, the absorption of Rb atoms is the weakest so that the transmission intensity increases. With the dressing effect of E 4 playing a role in this transmission, we observe that the images become weak, as labelled by the dashed line in Fig. 2(c) , because the EIA generated by E 4 increases the absorption. Fig. 2(d) shows the images of SWM. The perturbation theory [22] can be used to depict these generated SWMs. The perturbation chain reflecting the photon transition process is ρ (0) 00 10 and the five-order density matrix element ρ (5) 10 that determines the SWM intensity can be written as ρ and the baseline both increase, causing the total intensity of the SWM signal to become stronger. In Fig. 2(d) , it is significant that we can observe the splitting in the self-defocusing region ( 1 > 0) of the SWM images. In the self-defocusing side, while the nonlinear refractive index n 2 changes from the minimum to the maximum (left to right), the baseline images are broken into three parts. Thus, the beam of SWM in the self-focusing side propagates with discrete diffraction. However, in the self-defocusing side, where n 2 changes from near zero to a large negative value at 1 ≈ 0, the SWM beam is broken into three peaks with an approximate fringe space of two due to the nonlinear coupling Kerr effect between the other laser beams and E 4 . In addition, the images of SWM focus first and then split in the x direction when 1 decreases. These results occur because of the nonlinear phase shift and additional transverse propagation wave-vector introduced by the nonlinear coupling Kerr effect of E 4 in the x direction. The corresponding nonlinear phase shift is φ 4 = 2k p ,s zn X E 4 2 I 4 e −(ζ−ζ 4 ) 2 /2 /(n0I p ,s ), in which k p = k S = ω 1 n 0 /c, where n 0 is the linear refractive index at the probe field frequency ω 1 , n X E 4 2 is the refractive index caused by the cross-Kerr effect of E 4 , ζ 4 is the centre coordinate of E 4 in the transverse dimension relative to the centre coordinate of E p ,S as the original point, and I p,S is the intensity of the probe field and SWM. Therefore, the additional transverse propagation wave-vector introduced by E i is δk 4x = (∂φ 4 /∂x)x and δk 4x = (∂φ 4 /∂x)x. The direction of δk 4x determines the E 4 -induced spatial characteristics of E p ,S in the transverse dimension. In this case, the direction of δk 4x and δk 4x is in the negative x direction because n X E 4 < 0 in the region 1 > 0, which determines that the E p ,S images shift outwards from E 4 along the x direction. According to the nonlinear phase shift φ 4 , if the intensity of SWM is stronger, φ 4 will be smaller, which makes the splitting of the SWM images weaker; this splitting can even disappear at the enhancement position represented by the dashed line in Fig. 2(d) . In Figs. 3(a1) -(a3), we show the spectra of SWM versus 2 when the detuning of the probe field is fixed on 0.3 GHz, 0.4 GHz and 0.6 GHz, respectively. Due to this SWM is related to Rydberg energy level, the interaction intensity of our experimental condition and the ionization rate must be considered, and detailed interaction fraction evidence about many principal quantum numbers can be found in Ref. [14] . Here, we compare the width of EIT with the C 6 potentials [21] to demonstrate the interaction fraction existence. The interaction is investigated by the Rydberg-EIT-assisted six-wave mixing (SWM) process with the "almost Doppler-free" effect, and the width of SWM is narrower than that of EIT. In the current experiment, the measured linewidth of Rydberg EIT is less than 30 MHz, which has been demonstrated experimentally [16] . There is only one Rydberg excited atom within the blockade radius R EIT = (2C 6 /γ EIT ) 1/6 with V(R EIT ) =hγ EIT /2 taken into account. Here, γ EIT = (G 2 ) 2 / 21 is the single-atom EIT linewidth, which is mainly determined by the Rydberg driven field Rabi frequency G 2 and decoherence rate 21 (=(γ 2 + γ 1 )/2 γ 1 /2) between states |1 and |2 . Taking the 45D 5/2 state and G 2 = 7.6 MHz as an example, the vdW coefficient is C 6 ∼ 10 × n 11 and γ EIT /2π = 4.8 MHz, which give a blockade radius of R EIT = 2.18 μm. When the ground-state atomic density reaches a value of 10 12 cm −3 at 65°C, the energy shift of the nearest ground-state of a Rydberg atom reaches up to 1.6 GHz, which is much larger than the residual Doppler width at the corresponding temperature of the Rb vapour. Thus, the interaction can be considered in the SWM spectrum generated by E 2 , and its intensity can be determined by the modified density matrix element ρ (5)(2) 10
, where n is the principle quantum number, d = 10
kv is the Doppler effect of each optical field. In addition, under laser radiation at such frequencies, Rydberg atoms with n = 45 will collide with each other leading to very fast ionization, and this process will predominate due to the infinite number of levels in the continuum. The collision ionization rate c [23] and transit time must be considered, i.e., c = A v rel σ g ρ 3 , where A is a constant, ρ 3 = ρ 2 /πlw 2 0 , l and w 0 are the length and radius of the interaction region, v rel is the relative velocity, and σ g = π(a 0 n 2 ) 2 ) is collisional cross-section. Ionization always exists and predominates in the Rydberg excitation process, production ionization can induce Stark-shift of the Rydberg state so that the signal intensity will be changed and the spatial variation of the generated images. For the interaction case, not only is there cross-Kerr nonlinearity caused by the optical field but there is also nonlinearity due to the Rydberg special property. Therefore, in the Rydberg domain, the population spectra suppress excited Rydberg states, causing absorption and refraction in the Rydberg domain. In other words, the Rydberg state causes nonlinear refraction when the detuning of the probe field increases to a special location so that the nonlinear effect can dominate in the atom excitation process. Figure 3(d) shows SWM image variation corresponding to the spectrum curves in Fig. 3(a) . It is obvious that two interesting phenomena can be observed from the variation results of SWM images. One is that the images are more significantly focused in the region near 2 = 0 MHz, which is shown in Figs. 3(d) . The other is that the focusing location of the images is different as the detuning 1 varies. For such a Rydberg SWM, these phenomena should be explained by two aspects: one is the cross-Kerr nonlinearity caused by E 2 , which can be described by the nonlinear phase
2 /2 /(n 0 I p ,S ), and the other is the additional nonlinearity φ r caused by Rydberg. Their detailed descriptions are found in the theory model section. The total nonlinear phase modulation is = φ 2 + φ r which makes the SWM images present different spatial characteristics in different detuning locations of 1 . Fig. 3(b) presents the n simulation results caused by crossKerr nonlinearity. From Fig. 3(b) , we can see that | n X E 2 | is weaker under far detuning than under resonant 1 + 2 0, so that Rydberg nonlinearity plays an important role, which can be understood by comparing the n simulation results of Fig. 3(b3) with (b1). The beam spots of SWM at larger detuning position of 1 focus more significantly than the two-photon resonance case because a large nonlinear refraction is inevitably accompanied by high photon loss in the resonance location so that φ r and φ 2 all become weak, but for a larger detuning position of 1 , refraction can dominate absorption so that φ r φ 2 , and Rydberg nonlinearity occurs. In addition, it is worth investigating the observation that the spatial shift is more distinct in Fig. 3(d2) , which is attributed to φ r . When the detuning position of 1 reaches the location where refraction dominates over absorption, a nonlinear φ r can play a role. Moreover, it is an interesting that a spatial vortex-like image is generated in Fig. 3(d2) because many frequency waves can induce a vortex pattern with a superposed many optics fields [24] , [25] , the supposition among three beams E 1,3,3 at specific phase relation can induces a modulated vortex pattern. The horizontally and vertically aligned fields E 1 and E 3 modulate a circular-type splitting, with three parts around the ellipse. Note that E 1 is the generation field, so screw dislocations create a stationary beam structure. Finally, the beam spot decays into a modulated vortex-like shape due to the balanced interaction between the spatial diffraction and cross-Kerr nonlinearity. These two contributions induce splitting and vortexing in an inversed-V level system. With the detuning 2 increasing to near the resonant location, as shown in Fig. 3(d2) , Rydberg nonlinearity plays a role in influencing the spatial diffraction effect, which makes the vortex pattern image disappear and focus. However, when n 2 is very small with a large detuning or 1 = 0, the phase disappears and three spots fuse into a stable fundamental spot, which can be seen in Figs. 3(d1) and (d3) . In Figs. 3(d1) and (d3), we also observe consistent regularity from which the focusing phenomena appear near 2 due to the Rydberg state.
To explain this phenomenon more clearly and to demonstrate that the results of the images are not different beam intensity profiles, for comparison, the non-Rydberg SWM images that increase with the power of the E 4 field at 1 = 0.3 GHz are shown in Fig. 3(e) . It is clear that defocusing occurs and then decreases with the increase of P 4 . These opposite results are caused by cross-Kerr nonlinearity, which can be explained by the nonlinear phase shift. These results occur for the same reason as in Fig. 2(d) , because the nonlinear phase shift is determined by the expression of φ 4 , so the nonlinear phase becomes large when factor I p,S in φ 4 decreases. This variation phenomenon is different from Rydberg SWM shown in Fig. 3(d) , which can visually show that the non-Rydberg SWM phenomena are caused by multi-beam field induced cross-Kerr nonlinearity and that Rydberg SWM are caused by their own nonlinearity to some extent.
Finally, by fixing 2 = 0 and changing the probe field power P 1 , Rydberg splitting phenomena compared with the non-Rydberg case are presented. Figure 4 (a) shows the images of SWM at 1 = 0.3 GHz (a1), 0.4 GHz (a2), and 0.6 GHz (a3), respectively. When 1 = 0.3 GHz is near resonance, as shown in Fig. 4(a1) , SWM signals linearly increase with P 1 . In Fig. 4(a2) , it is only observed that the images overall become strong with an increasing P 1 . There is an interesting phenomenon that occurs at the far detuning location where Rydberg nonlinearity plays a leading role, as shown in Fig. 4(a3) . Therefore, we observe that as P 1 increases, the Rydberg images of SWM split from one part to two and even to six parts, finally returning to one, because in this Rydberg domain, SWM images produce a linear increase when P 1 is small. With P 1 continuing to increase, the Rydberg special property will make φ r increase so that the images split, which can be attributed to ∂ n φ r /∂ζ n of Eq. (7). Then, as P 1 increases to a large value, the increased production of Rydberg atoms will lead the more Rydberg atoms collide with each other to ionize [26] so that the Rydberg atom number decreases; therefore, the split images collapse into one image. For comparison, the non-Rydberg cases under the conditions of 1 = 0.4 GHz (b1) and 0.6 GHz (b2) are presented. There is only an intensity linearity increase with P 1 in the experiment results, which visually supports the conclusion regarding the nonlocal spatial characteristics of Rydberg SWM.
Conclusion
In summary, Rydberg SWM images in thermal vapour are experimentally observed and compared with non-Rydberg cases. The obvious spatial variation phenomenon related to the Rydberg state is observed and reflects the nonlinear optical response of a Rydberg gas under the condition of SWM. A spatial shift, focusing, vortex-like style and number of split beams are observed, which can be controlled by the frequencies and intensities of the laser beams. The corresponding theory establishes the relation between the refractive index and Rydberg energy level shift. This type of study not only reveals the underlying Rydberg medium spatial characteristics but also establishes the mechanism of laser field control of Rydberg nonlinear transmission. Particularly, this type of study can provide certain experimental evidence that can be used to investigate spatial images of Rydberg atoms and develop an investigation platform for Rydberg spatial formation and nonlinear responses.
